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Abstract

This paper shows that in a space filled with heat generating parallel plates and laminar forced convection, the heat transfer density can
be increased beyond the level known for parallel plates with optimal spacing. The technique consists of inserting in every entrance region
new generations of smaller plates, because smaller plates have thin boundary layers that fit in the unused (isothermal) entrance flow. This
technique can be repeated several times, and the result is a sequence of multi-scale flow structures that have progressively higher heat trans
densities. The work consists of numerical simulations in a large number of flow configurations, one differing slightly from the next. The
complete optimized architecture and performance of structures withwaend three plate length scales are reported. Diminishing returns
are observed as the number of length scalese#ses. This method can be used to develofi-szale nonurfiorm flow structures for heat
exchangers and cooled electronic packages.
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1. Introduction been reported for natural convection [2—-4] and forced con-
vection [5,6]. The progress in this area has been reviewed

Compactness and miniatzation are driven by the need N [1,7]: Optimal spacings haveelen determined for parallel
to install more and more heat transfer into a given volume. Plates channels, cylinders in cross-flow, staggered parallel
The figure of merit is heat transfer density. A recent trend Plates, and pin fin arraysith impinging flow. In each con-
in heat transfer research has been the focus on the generdiguration, the optimal spacing is a single length scale that is
tion of optimal flow architeaire, as a mechanism by which ~ distributed throughout the available volume.
the system achieves its maximal density objective under con- | "€ optimal spacing idea was taken theoretically one step
straints [1]. The strategy is to endow the flow configuration further in [8], where the flow structure had not one but sev-

with the freedom to morph, and to examine systematically eral optimal length scales. These were distributed nonuni-
many of the eligible design configurations en route to the rMly through the flow space—more numerous and smaller

best. Strategy and systemagiearch mean that architectural '?] thg ent(rjanC(Ie region of theha_niable vodlume, belcause th(T(rjeb
features that have been found to be beneficial in the past ca e boundary layers were thinner and more plates could be

be refined and incorporated in more complex systems of the itted to_gether optimally. . . .
present In this paper, we evaluate this design approach numeri-

One class of flow features that aid the achievement of c_aIIy, by considering forced convection cooling of a volume
high heat transfer density are the optimal spacings that havefIIIed by paraI_IeI plates that ge_nerate heat: The ﬂ.OW and heat
transfer are simulated numerically for a wide variety of flow
configurations. Each numerical simulation shows that the en-
* Corresponding author. trance region of every parallel-plates channel has a core of

E-mail address: dalford@duke.edu (A. Bejan). unused (isothermal) fluid. In this wedge-shaped region we
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Nomenclature
Be pressure drop number, Eq. (11) q" heatflux....................... wi—L.K-1
Do spacing betweehg plates ................ m T temperature ... f
D3 spacing between theg and L, plates when the Ty wall temperature ......................... K
Liplateisinserted ....................... m Tu inlettemperature ......................... H
D> spacing between the; andL; plates whenthe 4 v velocity components.................. st
LiandL; plates areinserted .............. M x,y  cartesiancoordinates ..................... m
k thermal conductivity ............ wh-1.K-1
Lo flowlength.......... .. ... il m Greek symbols
L1 flow length of the firstinsert............... m o thermal diffusivity ................... st
L,  flowlength of the second insert............ m AP pressuredifference....................... Ra
P PresSSUIe. ..t P u VISCOSILY © v vvee e e, kg1
Pr Prandtl number v kinematic ViSCosity . ................. vl
q total heattransfer........................ w AENSIY . . v v kg3
q dimensionless heat transfer density, Eq. (15) )
go dimensionless heat transfer density with Superscripts
no plate inserts m maximum
q1 dimensionless heat transfer density with opt optimum
L1 inserts w wall
P dimensionless heat transfer density with .
! L1 andL; inserts Superscript
q’ heat transfer rate per unit length . . - 1.K -1 ) dimensionless variables, Eq. (5)
insert progressively smaller heat generating plates, and then ’ T
we optimize the multi-scale assembly. The maximization of y=Do ™~
heat transfer density is pursued geometrically, by varying — .
more and more degrees of freedom. The result is a class” _» ‘o L}
of progressively better flow structures with multiple length % __ =Dy i
scales that are distributed nonuniformly through the flow
system. g I
0
R
x=0 x=L;
2. Model @
-2 5 _n_af

The plates geometry is shown in Fig. 1. The longest plates )
have the length.g, and the spacing between themiip. P il - i, T T T T T T T T T T o [

Shorter plates with the lengths;, Lo, ..., and thickness o T_,

are inserted between the long plates. A related geometry hasi_, _::0 ! i=i ’ '
been studied numerically in [9]. The flow through the plates ¢ ] |
is laminar forced convection driven by the imposed pressure =0 =i, =
difference A P. The objective of this study is to determine (b)

the optimal lengths of the plates that can be_ |n§erted_|n_th|s Fig. 1. The physical domain, compational domain and boundary condi-
channel such that the heat transfer rate density is maximizedjons.
In the model shown in Fig. 1, the flow is assumed to be

steady, laminar, incompressible and two-dimensional, and 9u 19pP X

all the thermophysical properties are constant. The symme-ua— + va— = + vV 3)
try of the configuration in Fig. 1 allows us to study only half . Y pox

of the flow structure, as shown Fig. 1(b). The steady state uﬂ + Uﬂ — aV2T (4)
conservation equations for mass, momentum, and energy are dx dy

du v 0 ) where V2 = 92/9x2 + 92/9y2. The computational domain

ax + @ - is shown in Fig. 1(b). The horizontal and vertical velocity
du du 19P 5 components are andv. The above equations were nondi-
P + “@ T o ox +vViu (2) mensionalized by using the following variables
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(ii yizls ZZ: 507 511 527;)

= (x,y, L1, L2, Do, D1, D2,1)/Lo (5)
FoL=Tx
Ty — T
~ P ,
o 7 W UL (6)
AP APLo/u
The resulting governing equations are
ou Jv
— 4+ =0 7
0x + ay 0
Be/_.ou ou P
—ii—+1— | =——+V? 8
Pr(”a£+”ay> oz T ®
Be/. 00 D aP
(a5 ) =2 v )
Pr\ ox ay ay
oT  _oT ~
Beli— + 11— | = V°T (10)
ax ay

where the Prandtl number ig«, andBe is the dimension-

less pressure drop number [6,10]
APL2
Be= —2
op

(11)

The boundary conditions for fluid flow ar@=1,7 =0and

du/ox = 0 at the inlet of the computational domaif= 0);

P =0andd(i, 7)/0% = 0 at the exit¥ = 1); no slip and no

penetration on the plate surfaces; ang 0 anddu/dy =0

/

q/ _ q
k(Tw - Too)
1 ~ Ly o
[5) L5 [ () L
o y=0 o y=(D2)

SIS,

Ly
a
Je
0
L

)
y=(D2)*
1

aT
+ / <—) di (14)
, Y /) 5=(by)-

The total dimensionless heat transfer rate density is

~/ /
== (15)

Do k(Ty — Too) Do
The heat transfer rate density was calculated based on the
total heat transfer from all the plates, divided by the total
volume. This quantity is the heat transfer density, which is
proportional to the ratig’/ Dy, cf. Eq. (15).

3. Numerical method
Egs. (8)—(10) were solved using a finite element code [11]

with quadrilateral elements and biquadratic interpolation
functions. For more details see [12]. The nonlinear equations

on the plane of symmetry. The temperature boundary con-resulting from the Galerkin finite-element discretization of

ditions are:T = 1 on the blades surfaces, afid= 0 on the

Egs. (8)—(10) were solved using successive substitution fol-

inlet plane of the computational domain. The exit plane and |owed by the quasi-Newton method. As convergence criteria

the plane of symmetry are modeled as adiabatic.

We are interested in the geometric arrangement for which u® — =D
the overall heat transfer ratemaximum. The local heat flux ~————F——
from the horizontal plate for a case where the number of

inserted plates is equal to 2, is

p < 3T> (3T>
q =k{——= +k( —
ay y=0 ay y=(D2)~

9T 9T
ST () w2
9y / y=(Dp)+ 9y /) y=(Dy)-

we used

k
<104 and IR@™ )]
lluk | I Roll
whereR (u) is the residual vectoy is the complete solution
vector,k is the iteration counter, angl- || is the Euclidian
norm. The grid was nonuniform in both and y direc-
tions. The grid was double graded in thedirection so as
to put more nodes near the plate surfaces to capture more
accurately the behavior in the boundary layers. The grid
varied from one geometric configuration to another. Grid re-

<1074 (16)

This flux is integrated over the total heat transfer surfaces to finement tests performed in the range® ¥0Be < 108 and

obtain the total heat transfer from tiig Lo space,

Ly

Lo
aT T
q’:k/(——) dx—i-k/(—) dx
SN /0 J N0V ) y=(Da)-

L

2
aT
Y [EE .
, 3y / y=(py)+

Ly

9T
Yk / (—) dx (13)
) N0y ) y=(pp-

The dimensionless total heat transfer rate is

Pr = 1, indicated that the solutions were insensitive to fur-
ther grid doubling ink andy when 400 nodes pdto were

used in botht andy directions. Table 1 shows how grid in-
dependence was achieved. To validate the numerical scheme

Table 1
Grid refinement test fob = 0.06, Be= 10° andPr = 1

i i+l
Number of nodes pekq in g | =1—|
X andy directions 1
100 51208 -
200 51542 0.0065
400 51850 00058
800 52067 00041
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further, the scheme was used to generate results for the optithe thickness of thé plate. Note that the spacing between

mal spacing between parallel plates with forced convection. the Lg plates become@o = 2D1 ,opt: and that this value is

These results were then compared with results available inslightly larger than theDo,opt value found when thé ; plate

the literature [5], and the agreement was found to be very is absent. In other words, the insertion of a smaller plate at

good. the entrance of a channel enlarges the optimal spacing of that

The optimized results reported in this paper are mesh channel.

independent. Independence was achieved by increasing the In the final step of this sequence of increasingly more

number of nodes pekg during simulations in the vicinity =~ complex structures, we inserted an even smallgmlate

of the optimal spacing. The number of nodes pgmwas in- in the entrance formed between tlhg and L1 plates. As

creased until it had no effect on the maximizgdalue. This ~ shown in Fig. 4, we optimized the dimensiohs and D

ensured that each optimized flow architecture is independentwhile holding Llopt fixed at the value determmed previ-

of the grid fineness. The algorithm used for determining the ously (Fig. 3). In this case the spacing betweenltbqalates

optimal dimensionsL;, D;) consisted of nested loops, such becomesDo = 2D1,0pt 4D2 opt. The thickness of thaLz

that theg value was calculated for all possible combinations plate was again set at= 10~*. Fig. 5 shows that such a

of (L;, D;) in the vicinity of the architecture with the maxi-  thickness is small enough so that the maximized insen-

mumg value. sitive to changes in. We have performed the same plate-
thickness sensitivity study for Be 10, and arrived at the
same conclusiori:= 10~4 is small enough so that its effect

4. Numerical results on the optimized plate lengths and spacings is negligible.
In this section we present the numerical results for the op- 600 Be= 106
timal spacingDo opt, and the corresponding maximum heat B, =0.055 %’r_=01

transfer density,,,. We also report the optimal length scales
when new plates are inserted in the structDedo, leading B, =0.050

to new optimal spacings and iised estimates of the maxi- 5. =0.060
mum heat transfer density. Tinemerical optimization was N
performed in the range 206< Be < 10° andPr = 1. The so0

thickness of the_, plate was set at= 10"4.

)

The optimization of the multiscale structure has several

degrees of freedom. First, we determined the optimal spac- B

ing and maximalj whenZ, = 0, i.e., there are no inserts in vy L

the channel formed between tulig plates. The optimization b

of the spacingDy is illustrated in Fig. 2. Fo % 1
Next, we inserted & 1-long plate as shown in Fig. 1, and S807 o o

optimized simultaneously the two length scales of the con- ' 7
figuration, L1 and the spacind;. This work is illustrated
in Fig. 3. Because in this case the computational domain Fig. 3. The effect of the lengtir; on the dimensionless total heat transfer

is symmetric abou§ = D1, we were able to set= 0 for density forBe= 10°
660
0 Be =106 Be = 106
Pr=1 Pr=1
iL=0 D, =0.03 i=10"%
a g Ly opt =0.07
560 640 D, =0.035
D2 0.025 //—\\
540 620
I
v L
b,
Ko % 1
r 600 :
52%.08 0.1 0.12 0 0.03 i 0.06
Dy Ly

Fig. 2. The effect of plate spacir, on the dimensionless total heat transfer  Fig. 4. The effect of the lengtli, on the dimensionless total heat transfer
density in the absence of plate inserts. density forBe= 10° by holding Ly opt fixed.
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1940 1
Be = 107 Pr=1
Pr=1 i=1074
_ Ly opt =0.105
4 D, =0.035
i =0.001
19207 0.11 Li.opt
0.0005 Ly opt
1900 0.014
0.0002
0.0001
1880 j 0.001 T .
0 oot 002 105 106 107 108

L
2 Be
Fig. 5. The effect of the plate thickness on the dimensionless maximum total

heat transfer rate density aﬁci. Fig. 7. The effect of the pressure drop number on the optimized length

scales.
1
Pr=1 104
t=10"*
ﬁO,opl
0.1g ﬁl,opt
0.014 By ot
g
0.001 T T
105 106 107 108 102 i i
Be 10 106 107 108

Be
Fig. 6. The effect of the pressure drop number on the optimized spacings.

Fig. 8. The effect of the pressure drop number and the number of length

The stepwise increase in the Iargest spacﬂﬁg, 517 scales on the dimensionless maximum total heat transfer density.

Dy, ...) is summarized in Fig. 6. The optimized spacing be-
tween theLg plates is now greater than when the plate ~ WasLz/L1 = 0.25, which agrees with Fig. 7 in an order of
was absent. magnitude sense. Furthermore, in [8] it was pointed out that
The procedure stated above was repeated for seBeral the theoretical ratid.2/L1 = 0.25 is at best an approxima-
values in the range P0< Be< 10° andPr = 1. The results  tion because it is based on thesamption that the insertion
are shown in Figs. 6-8. Fig. 6 shows the behavior of the of each new (smaller) plate has a negligible effect on the
optimal spacings;Do. D1. D2)opt. The optimal spacing de-  boundary layers coating the older (longer) plates. Indeed,
creased as the dimensionless pressure drop increases. THBe present work shows that this assumption is indeed an
ratios 5o,opt/l~)1,opt and 51,0pt/l~)2,opt are nearly constant ~approximation, because each new plate insert affects the op-
and equal to 1.83 and 1.76, respectively. As shown in [8], timal spacing between existindapes. Because the optimal
the theoretical ratio of successive spacings is 2. The numer-spacing is governed by the thicknesses of the boundary lay-
ically derived ratios are not exactly equal to 2 because the ers that merge at the end of each channel, this means that the
spacing between thig plates increases slightly when a new insertion of a small plate in the entrance region influences
(smaller) plate is inserted and the spacings and lengths arghe older boundary layers that continue downstream. The in-
optimized. sertion of a small plate near the channel entrance has the
Fig. 7 shows the behavior of the optimal length scales effect of thickening the older boundary layers, and enlarging
(Zl,opt, Zz,opt). The optimal length scales increase as the the optimal spacing between the older plates.
dimensionless pressure drop number increases. The ratio Fig. 8 shows the effect &e on the maximal heat transfer
L opt/L1,0pt is Nearly constant and equal to 0.15. In the an- rate density for several combinations of length scales. The
alytical treatment of the samegblem [8], the optimal ratio  maximal heat transfer rate density increases as the number
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Table 2 The number of plate length scales is limited by the va-

Comparison between the numerical and analytical re- lidity of the boundary layer assumption. The smallest plate

sults for_ the maximized heat transfer rate density of is the one where the plate length is comparable with the

the muild-scale flow construct boundary layer thickness. This criterion was developed an-

m  §/Bet/? alytically in Refs. [8,13], where it was shown that the num-
Analytical [8] Numerical, Fig. 8 ber (m) of plate length scales (in addition 1) is a slowly

0 0.36 0558 increasing function oBe. Them (Be) function is reported on

; 8-‘511 8282 page 243 of Ref. [13], and in the range*10 Be < 10 is

approximated by
_ , m = 0.78(log;oBe — 3) (18)
of plates increases. The effdmtcomes less noticeable when . . .
the number of length scalesiicreased to three. An optimal ~ For example, whee = 10" we find thatm = 3.13, which
Iengchz was not found wheBe < 10°. means that a structure with three insemtg, L», L3) is al-

Fig. 8 also shows that the miaxized heat transfer rate ~ ready too refined: the smallest plafes) does not contribute
density increases in proportion wiBe'/2. This confirmsthe ~ much, because it is not swept by a distinct boundary layer.
analytical result [8], which can be rewritten in the notation This reinforces the conclusioeached in theqeceding para-

employed in this paper: graph.
12 The fundamental value of this study is that multi-scale
sl =0.36Be1/2<1 + m ) (17) flow structur_es are applicable_ to every secto_r of heat ex-
2 changer design. The novelty is the increase in heat trans-

Parametern is the number of new (inserted) p|ate |ength5, fer density, and the nonuniform distribution of Iength scales
for examplen = 2 in Fig. 4. The prediction (17) is that the ~ through the available space. $fapproach promises the de-
heat transfer rate density ire@ses in progressively smaller velopment of new and unconventional internal flow struc-
steps as the number of length scales increases. This is contures for heat exchangerschoooled electronic packages.
firmed by the numerical results shown in Fig. 8. Table 2
shows that the numerica), results are relatively less sensi-

tive thangrg; to increasingn. References
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